the mode occurs at f cut-o = 5 GHz. Fig. 2 (a) (f = 10 GHz) and Fig. 2 (b) (f = 2 GHz), show the radiated field for frequencies above and below the cutoff, respectively. In both cases, the line integration (continuous line) and the surface integrations (dots) lead to identical results in the limit of the numerical precision.
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In conclusion, the rigorous derivation of surface integral into line integral presented here provides an evident gain of CPU time with respect to a conventional aperture integration, especially for higher order modes and large aperture in terms of the wavelength. No numerical integration problems are detected and significant advantages in the numerical stability of the integration is obtained for observation points close to the aperture. Furthermore, the interpretation of the rim integrand in terms of elementary Maxwellian sources of spherical waves could be useful to approximating the interaction of the aperture with other structures (i.e., edges of the flange), when these sources are forced to radiate with an appropriate Green's function. This aspect is under investigation. region of localization [1] . In this letter, we derive the first minimum L 2 norm (minimum energy) solution to this problem for the full vector case where the source is a time-harmonic three-dimensional current distribution J (r; t) = <fJ(r)e 0i!t g (< denoting the real part) confined within the sphere r a (so that J(r) = 0 for r = jrj > a). Using standard linear inversion theory, we obtain a formula for the minimum L 2 norm solution having known support r a consistent with electromagnetic field data specified for r > a.
REFERENCES
Our treatment is based on the well-known multipole expansion of the electromagnetic field [2] and applies, in principle, to both nearand far-field data.
II. THE FORWARD PROBLEM
From the Maxwell equations in free-space it follows that the space-dependent parts E(r) and H(r) of the time-harmonic electric and magnetic fields E(r;t) = <fE(r)e 0i!t g and H(r;t) = <fH(r)e 0i!t g satisfy, respectively [3, ch. 1, eq. (55)]
where "o and o are the free-space permittivity and permeability, respectively, and k = ! p o " o is the wavenumber of the field. The space-dependent parts E(r) and H(r) of the electric and magnetic fields generated by the current distribution are given by those particular solutions of (1) 
where j`(1) is the spherical Bessel function of order`; 3 denotes the complex conjugate and
0018-926X/99$10.00 © 1999 IEEE Equation (2) yields, by using large argument expressions for 
Using (6) 
Thus, a`; m and b`; m are simply the projections ofr 2f(r) and f(r),
respectively, onto the set of vector spherical harmonics.
In summary, the multipole moments a`; m and b`; m uniquely specify both the radiated field everywhere outside r a as well as the radiation pattern f(r). It follows that the inverse source problem can be formulated as being that of reconstructing J(r) from either the multipole moments or the radiation pattern f(r). In the following section, we derive a formula for the minimum L 2 norm-current distribution in terms of the multipole moments a`; m , b`; m of the field (the data).
III. THE INVERSE PROBLEM
We begin by rewriting the forward relation (6) in the general operator form f = LJ (8) where J(r) 2 X, where X is the space of L 
The inner products in the Hilbert spaces defined above are defined in the usual way and is found using (7) to yield the following expression for (L y f)(r) The unique solution with minimum L 2 norm to the inverse source problem as defined via (8) is [6] J m:e: = L y [ (8), i.e., the least squares solutions of minimum L 2 norm (normal pseudosolutions) to the inverse problem (see [6] and references therein).
We define the filtered dataf = [LL y ] 01 f and rewrite (13) in the form J m:e: = L yf :
We can perform the filtering operation [LL y ] 01 using (6) 
In evaluating 2 we have made use of j`(kr) = 2kr J`+ 1=2 (kr) (where J (1) is the Bessel function of order ) along with the second Lommel integral (see [7, p. Finally, using (13)- (16) and (12) 
The singular values 2 and 2 in the reconstruction formula (19) decay exponentially fast for`> ka, thus confirming ill-posedness (see [9] for a detailed account of the properties of 2 ). Jm:e:(r) in (19) is given in terms of the multipole moments a`; m , b`; m of the field, which are determined from (7) directly in terms of the source radiation pattern. Thus, the corresponding expression for Jm:e:(r) in terms of f(r) follows by substituting from (7) into (19).
In view of (3), it is apparent that J m:e: (r) in (19) does generate (precisely) the electromagnetic field specified as data, i.e., Jm:e:(r) It is not hard to show that (19) also provides a canonical form for all perfect radiators (i.e., sources without nonradiating component) confined within r a.
IV. CONCLUSION
The results established in this letter provide, to our knowledge, the first minimum L 2 norm solution to the inverse source problem of electromagnetics. The result contained in (19) also sets a practical limit to the effective resolution available in source reconstruction from electromagnetic field data provided outside the source's region of support. In particular, only the low-order multipole components (with`< ka) can be employed if the data is not perfect. Any attempt to recover (fine) spatial features of the source-described by the high-order multipole components (with`> ka)-leads to numerical instability (the expansion sum (19) for the radiating or minimum energy part of the source diverges [10] ). It follows that, in practice, one can only reconstruct the low-order multipole components of the (minimum energy) source's multipole representation. From a radiation point of view, the high-order multipole components yield the high-resolution aspects of the radiation pattern (i.e., the gain of an antenna). As is well-known (see, e.g., [4] , [10] ), any attempt to accomplish supergain results in high currents and near fields (as follows also from the discussion above), thereby setting a practical limit to the gain available from an antenna of a given size.
